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a b s t r a c t
For a real number p, let Mp(a, b) denote the usual power mean of order p of positive real
numbers a and b. Further, let H = M−1 and Heα = αM0 + (1 − α)M1 for α ∈ [0, 1]. We
prove that the double mixed-means inequality
M− α2 (a, b) ≤
1
2
[H(a, b)+ Heα(a, b)] ≤ M ln 2
ln 4−ln(1−α)
(a, b)
holds for all α ∈ [0, 1] and positive real numbers a and b, with equality only for a = b, and
that the orders of power means involved in its left-hand and right-hand sides are optimal.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Let a and b be positive real numbers. The power mean of order p ∈ R of numbers a and b is defined by
Mp(a, b) =


ap + bp
2
 1
p
, p ≠ 0,
√
ab, p = 0.
In particular, for p = 1, p = 0, and p = −1 we respectively get the arithmetic, the geometric and the harmonic means of a
and b,
A(a, b) = M1(a, b) = a+ b2 , G(a, b) = M0(a, b) = limp→0Mp(a, b) =
√
ab
and
H(a, b) = M−1(a, b) = 2aba+ b .
We also consider the Heronian mean of a and b, defined as
He(a, b) = 1
3
(a+√ab+ b) = 1
3
G(a, b)+ 2
3
A(a, b),
as well as its generalization, the so-called generalized Heronian mean
Heα(a, b) = αG(a, b)+ (1− α)A(a, b), α ∈ [0, 1].
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Obviously, He0 = A, He1 = G, and He 1
3
= He, while Mp(a, a) = Heα(a, a) = a, for all p ∈ R, α ∈ [0, 1] and a ∈ R+.
It is also well-known that the function p → Mp(a, b) is strictly increasing on R for any fixed a, b ∈ R+, a ≠ b.
Moreover, min{a, b} ≤ Mp(a, b) ≤ max{a, b} holds for all p ∈ R and a, b ∈ R+, with equality only if a = b (see e.g. [1,2]).
Furthermore, in [3], Alzer and Janous proved that
M ln 2
ln 3
(a, b) ≤ He(a, b) ≤ M 2
3
(a, b), a, b ∈ R+. (1.1)
Neuman and Sándor [4] obtained the double inequality
He(a, b) ≤ M 2
3
(a, b) ≤ 3
2
√
2
He(a, b), a, b ∈ R+, (1.2)
while the inequalities
M− 13 (a, b) ≤
2
3
G(a, b)+ 1
3
H(a, b) ≤ M0(a, b), a, b ∈ R+, (1.3)
and
M− 23 (a, b) ≤
1
3
G(a, b)+ 2
3
H(a, b) ≤ M0(a, b), a, b ∈ R+, (1.4)
are due to Chu and Xia [5]. Later on, inequality (1.1) was generalized by Janous [6], where he proved that
Mmin{ ln 2ln(w+2) , 2w+2 }(a, b) ≤ He ww+2 (a, b) ≤ Mmax{ ln 2ln(w+2) , 2w+2 }(a, b) (1.5)
holds for all w, a, b ∈ R+. Finally, Long et al. [7] proved a generalization of inequalities (1.3) and (1.4) by considering the
convex combination αG(a, b) + (1 − α)H(a, b) for arbitrary α ∈ (0, 1). Notice that all inequalities (1.1)–(1.5) are sharp,
that is, with equality only for a = b, and the orders of power means appearing on their respective left-hand and right-hand
sides are the best (greatest or least) possible.
Here we also mention the following sharp double Ky Fan-type inequality involving the Heronian mean of two variables:
M 1
2
(a, b)
M 1
2
(1− a, 1− b) ≤
He(a, b)
He(1− a, 1− b) ≤
M 2
3
(a, b)
M 2
3
(1− a, 1− b) , 0 < a, b ≤
1
2
, (1.6)
proved byNeuman and Sándor [8]. Some further Ky Fan-type inequalities formeans of two variables can be found in Sandor’s
paper [9], while the paper [10] by Moslehian, along with the references cited therein, provides an exhaustive survey of the
classical and recently proved inequalities in the literature carrying the name of Ky Fan.
Observe that, in all the above results, convex combinations were related to only two means (to A and G, or to G and H).
In this paper, we consider a convex combination of three means, A, G and H , that is, we obtain the optimal lower and upper
bounds for the bivariate mean 12 [H(a, b)+Heα(a, b)] in terms of a power mean. More precisely, for each α ∈ [0, 1]we find
the greatest real value of the index q = q(α) and the least real value of the index p = p(α) such that the double inequality
Mq(a, b) ≤ 12 [H(a, b)+ Heα(a, b)] ≤ Mp(a, b) (1.7)
holds for all positive real numbers a and b.
2. The sharp lower bound
We start with the optimal lower bound for the convex combination 12 [H(a, b)+ Heα(a, b)], that is, we find the greatest
value q ∈ R such that the first inequality in (1.7) holds for all α ∈ [0, 1] and a, b ∈ R+.
In order to get this result, we make use of the following technical lemma.
Lemma 2.1. Let α ∈ (0, 1] and the function g : R+ → R be defined by
g(x) = xα+1 − αx
5 + (5− α)x4 + 2αx3 + 2(1− α)x2 + αx+ 1− α
(1− α)x5 + αx4 + 2(1− α)x3 + 2αx2 + (5− α)x+ α . (2.1)
Then g(1) = 0, g(x) < 0 for x ∈ (0, 1), and g(x) > 0 for x ∈ (1,∞).
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Proof. First, notice that both expressions
g1(x) = αx5 + (5− α)x4 + 2αx3 + 2(1− α)x2 + αx+ 1− α (2.2)
and
g2(x) = (1− α)x5 + αx4 + 2(1− α)x3 + 2αx2 + (5− α)x+ α (2.3)
have all coefficients non-negative, among which at least three are positive, so they take only positive values for x ∈ R+.
Hence, the function h : R+ → R,
h(x) = (α + 1) ln x− ln(g1(x))+ ln(g2(x)),
is well-defined and h′(x) = (x−1)2k(x)x·g1(x)·g2(x) , where k is the polynomial with real coefficients, given by
k(x) = α(1− α2)x8 + (10− 5α − 4α2)x7 + 2(10− α − 2α2 − 2α3)x6
+ (38− 3α − 12α2)x5 + 2(28− 7α − 4α2 − 3α3)x4 + (38− 3α − 12α2)x3
+ 2(10− α − 2α2 − 2α3)x2 + (10− 5α − 4α2)x+ α(1− α2).
It is not hard to see that for α ∈ (0, 1] we have α(1 − α2) ≥ 0, with equality only for α = 1, while the expressions
10− 5α − 4α2, 10− α − 2α2 − 2α3, 38− 3α − 12α2, and 28− 7α − 4α2 − 3α3 are positive. Then k(x) > 0 for x ∈ R+,
and thereby h′(x) > 0 holds for x ∈ R+ \ {1}, while h′(1) = 0. Consequently, the function h is strictly increasing on R+,
which together with limx→0+ h(x) = −∞ and h(1) = 0 implies that h(x) < 0 for x ∈ (0, 1) and h(x) > 0 for x ∈ (1,∞).
The lemma follows from the monotonicity of the exponential function t → et . 
Now, we state and prove the main result of this section.
Theorem 2.1. Inequality
1
2
[H(a, b)+ Heα(a, b)] ≥ M− α2 (a, b) (2.4)
holds for all α ∈ [0, 1] and a, b ∈ R+, with equality if and only if a = b. The constant − α2 is the best possible.
Proof. Define x =

a
b > 0. Then
1
2
[H(a, b)+ Heα(a, b)] −M0(a, b) = 12 [H(a, b)+ (α − 2)G(a, b)+ (1− α)A(a, b)]
= b

x2
x2 + 1 +
α − 2
2
x+ 1− α
4
(x2 + 1)

= b (1− α)x
4 + 2(α − 2)x3 + 2(3− α)x2 + 2(α − 2)x+ 1− α
4(x2 + 1) , (2.5)
while for any q ∈ R, q ≠ 0, we have
1
2
[H(a, b)+ Heα(a, b)] −Mq(a, b) = 12 [H(a, b)+ αG(a, b)+ (1− α)A(a, b)] −Mq(a, b)
= b
 x2
x2 + 1 +
α
2
x+ 1− α
4
(x2 + 1)−

x2q + 1
2
 1
q

= b
 (1− α)x4 + 2αx3 + 2(3− α)x2 + 2αx+ 1− α
4(x2 + 1) −

x2q + 1
2
 1
q
 . (2.6)
We consider the case α = 0 first. Then q = − α2 = 0 and from (2.5) we get
1
2
[H(a, b)+ He0(a, b)] −M0(a, b) = 12 [H(a, b)− 2G(a, b)+ A(a, b)]
= b (x− 1)
4
4(x2 + 1) ≥ 0, (2.7)
with equality only for x = 1. Hence, inequality (2.4) holds in this case.
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Now, let α ∈ (0, 1]. We need to prove that the last line of (2.6), rewritten with q = − α2 , is non-negative on R+. Since the
exponential function t → et is strictly increasing, it is sufficient to prove that the function f : R+ → R, defined by
f (x) = ln((1− α)x4 + 2αx3 + 2(3− α)x2 + 2αx+ 1− α)− ln(x2 + 1)+ 2
α
ln(xα + 1)− 2 ln x− 2
α
ln 2− ln 4,
is non-negative. Observe that f ′(x) = g(x) · l(x), where the function g is given by (2.1) and
l(x) = 2[(1− α)x
5 + αx4 + 2(1− α)x3 + 2αx2 + (5− α)x+ α]
x(x2 + 1)(xα + 1)[(1− α)x4 + 2αx3 + 2(3− α)x2 + 2αx+ 1− α] > 0
for x ∈ R+. Lemma 2.1 implies that f ′(1) = 0, f ′(x) < 0 for x ∈ (0, 1), and f ′(x) > 0 for x ∈ (1,∞), so the function f
is strictly decreasing on (0, 1] and strictly increasing on [1,∞). Taking into account that f (1) = 0, we have f (x) ≥ 0 for
x ∈ R+, with equality only for x = 1. Therefore, inequality (2.4) is proved. Obviously, equality in (2.7) and (2.6) holds only
for a = b. In that case, A(a, a) = G(a, a) = H(a, a) = Heα(a, a) = M− α2 (a, a) = a.
Further, we prove that the parameter q = − α2 is the best possible for the first inequality in (1.7), that is, that it cannot be
replaced with any larger parameter. Again, we distinguish the cases α = 0 and α ∈ (0, 1]. For α = 0 and arbitrary ε > 0
and 0 < |t| < 1, we have
[Mε((1+ t)2, 1)]ε −

1
2
H((1+ t)2, 1)+ 1
2
He0((1+ t)2, 1)
ε
= [Mε((1+ t)2, 1)]ε −

1
2
H((1+ t)2, 1)+ 1
2
A((1+ t)2, 1)
ε
= (1+ t)
2ε + 1
2
−

1+ 2t + 3t22 + t
3
2 + t
4
8
1+ t + t22
ε
= hε(t)
2

1+ t + t22
ε (2.8)
where
hε(t) =

1+ t + t
2
2
ε
[1+ (1+ t)2ε] − 2

1+ 2t + 3t
2
2
+ t
3
2
+ t
4
8
ε
.
If t → 0, by writing the binomial series we obtain
hε(t) =

1+ εt + ε
2
2
t2 + o(t2)

· [2+ 2εt + ε(2ε − 1)t2 + o(t2)]
− 2

1+ 2εt + ε(4ε − 1)
2
t2 + o(t2)

= ε2t2 + o(t2), (2.9)
and so from (2.8) and (2.9) it follows that for any ε > 0 there exists δ(ε) ∈ (0, 1) such that
Mε((1+ t)2, 1) > 12 [H((1+ t)
2, 1)+ He0((1+ t)2, 1)]
for t ∈ (0, δ(ε)). Thus, for α = 0, the parameter q = 0 cannot be enlarged such that the first inequality in (1.7) still holds.
On the other hand, let α ∈ (0, 1], ε ∈ (0, α2 ), and 0 < |t| < 1 be arbitrary. Then
[M− α2+ε((1+ t)2, 1)]
α
2−ε −

1
2
H((1+ t)2, 1)+ 1
2
Heα((1+ t)2, 1)
 α
2−ε
= 2(1+ t)
α−2ε
1+ (1+ t)α−2ε −

1+ 2t + 6−α4 t2 + 2−α4 t3 + 1−α8 t4
1+ t + t22
 α
2−ε
= hε(t)
1+ t + t22
 α
2−ε [1+ (1+ t)α−2ε]
, (2.10)
where
hε(t) = 2(1+ t)α−2ε

1+ t + t
2
2
 α
2−ε
− [1+ (1+ t)α−2ε]

1+ 2t + 6− α
4
t2 + 2− α
4
t3 + 1− α
8
t4
 α
2−ε
.
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By writing the binomial series for t → 0, we get
hε(t) = 2

1+ (α − 2ε)t + (α − 2ε)(α − 2ε − 1)
2
t2 + o(t2)
 
1+ α − 2ε
2
t + (α − 2ε)
2
8
t2 + o(t2)

−

2+ (α − 2ε)t + (α − 2ε)(α − 2ε − 1)
2
t2 + o(t2)

×

1+ (α − 2ε)t + (α − 2ε)(3α − 8ε − 2)
8
t2 + o(t2)

= (α − 2ε)ε
2
t2 + o(t2), (2.11)
so (3.3) and (3.4) imply that for any ε ∈ (0, α2 ) there exists δ(ε) ∈ (0, 1) such that
M− α2+ε((1+ t)2, 1) >
1
2
[H((1+ t)2, 1)+ Heα((1+ t)2, 1)]
for t ∈ (0, δ(ε)). This means that − α2 is the greatest possible value q, such that the first inequality in (1.7) still holds. The
proof is now complete. 
3. The sharp upper bound
In this section, we obtain the optimal upper bound for 12 [H(a, b)+ Heα(a, b)], that is, we find the least value p ∈ R such
that the second inequality in (1.7) holds for all α ∈ [0, 1] and a, b ∈ R+.
The following two lemmas will be used in the proof of the result announced.
Lemma 3.1. Let α ∈ [0, 1) and p = p(α) = ln 2ln 4−ln(1−α) . Then
(2p− 1)α2 − 6(p− 1)α + 5(p− 1) < 0, (3.1)
(2p− 1)α2 − 2(2p− 1)α + 3p− 1 > 0, (3.2)
and
3(2p− 1)α2 − 2(5p− 1)α + 3(5p+ 3) > 0. (3.3)
Proof. To simplify the analysis, define β = 1− α ∈ (0, 1]. Expressions (3.1)–(3.3) then respectively become
(2p− 1)α2 − 6(p− 1)α + 5(p− 1) = ln 2
ln 4− lnβ (2β
2 + 2β + 1)− β2 − 4β, (3.4)
(2p− 1)α2 − 2(2p− 1)α + 3p− 1 = ln 2
ln 4− lnβ (2β
2 + 1)− β2, (3.5)
and
3(2p− 1)α2 − 2(5p− 1)α + 3(5p+ 3) = ln 2
ln 4− lnβ (6β
2 − 2β + 11)− 3β2 + 4β + 8. (3.6)
To prove that expression (3.4) is negative, we consider the function f1 : (0, 1] → R:
f1(β) = lnβln 2 −
6β − 1
β2 + 4β .
Then f ′1(β) = m(β)n(β) , where m(β) = β3 + 2(ln 8 + 4)β2 + 2(8 − ln 2)β − ln 16 and n(β) = β2(β + 4)2 ln 2 > 0 for all
β ∈ (0, 1]. Observe that the last coefficient of the polynomial m is negative while all of its other coefficients are positive,
and thatm(0) = − ln 16 < 0 andm(1) = 25 > 0. Hence, according to Descartes’ rule of signs,m has a unique positive zero
β0. Moreover, β0 ∈ (0, 1). Thereby we get that f ′1(β) < 0 for β ∈ (0, β0), f ′1(β0) = 0, and f ′1(β) > 0 for β ∈ (β0, 1], so the
function f1 is strictly decreasing on (0, β0] and strictly increasing on [β0, 1]. Since limβ→0+ f1(β) = 0 and f1(1) = −1 < 0,
we conclude that f1 < 0, so
ln 4− lnβ
ln 2
= 2− lnβ
ln 2
> 2− 6β − 1
β2 + 4β =
2β2 + 2β + 1
β2 + 4β > 0
holds for all β ∈ (0, 1]. Thus expressions (3.1) and (3.4) are negative.
The proof that (3.5) is positive is similar. Let f2 : (0, 1] → R be given by
f2(β) = lnβln 2 +
1
β2
.
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Then
f ′2(β) =
β2 − ln 4
β3 ln 2
< 0, β ∈ (0, 1],
so f2 is a strictly decreasing function. Since limβ→0+ f2(β) = +∞ and f2(1) = 1, we have f2 > 0, that is,
0 <
ln 4− lnβ
ln 2
= 2− lnβ
ln 2
< 2+ 1
β2
= 2β
2 + 1
β2
, β ∈ (0, 1],
so expression (3.5) is positive and (3.2) holds.
Finally, observe that for β ∈ (0, 1] we have ln 2ln 4−lnβ > 0, 6β2 − 2β + 11 > 0, and 3β2 − 4β − 8 < 0, so expressions
(3.3) and (3.6) are obviously positive. 
The above results are applied to prove the next lemma.
Lemma 3.2. Let α ∈ [0, 1), p = p(α) = ln 2ln 4−ln(1−α) , and the function g : R+ → R be defined by
g(x) = (1− α)x
5 + αx4 + 2(1− α)x3 + 2αx2 + (5− α)x+ α
αx5 + (5− α)x4 + 2αx3 + 2(1− α)x2 + αx+ 1− α − x
2p−1. (3.7)
Then there exists a unique x∗ ∈ (0, 1) such that g(x∗) = 0, g(x) < 0 for x ∈ (0, x∗), and g(x) > 0 for x ∈ (x∗, 1).
Proof. Let g1 and g2 respectively be as in (2.2) and (2.3). Since both of these expressions take only positive values onR+, we
can define the function h : R+ → R by h(x) = ln(g2(x))− ln(g1(x))− (2p− 1) ln x. Then h′(x) = k(x)x·g1(x)·g2(x) , where k is the
polynomial with real coefficients given by
k(x) = (2p− 1)α(α − 1)x10 − 2((2p− 1)α2 − 6(p− 1)α + 5(p− 1))x9
+ (2p− 1)α(5α − 9)x8 − 8((2p− 1)α2 − 2(2p− 1)α + 3p− 1)x7
+ 2α(5(2p− 1)α − 22p− 5)x6 − 4(3(2p− 1)α2 − 2(5p− 1)α + 3(5p+ 3))x5
+ 2α(5(2p− 1)α − 22p− 5)x4 − 8((2p− 1)α2 − 2(2p− 1)α + 3p− 1)x3
+ (2p− 1)α(5α − 9)x2 − 2((2p− 1)α2 − 6(p− 1)α + 5(p− 1))x+ (2p− 1)α(α − 1). (3.8)
Observe that for α ∈ [0, 1) we have p ∈ (0, 12 ] and 2p − 1 ∈ [−1, 0), so it is easy to see that (2p − 1)α(α − 1), (2p −
1)α(5α − 9) > 0 and 2α(5(2p − 1)α − 22p − 5) < 0. On the other hand, Lemma 3.1 provides that the coefficients of x9
and x in (3.8) are positive, while those of x7, x5, and x3 are negative. This means that the number of sign changes between
consecutive coefficients of k is 2, so Descartes’ rule of signs implies that the polynomial k has two or zero positive roots.
Moreover, from k(0) = (2p − 1)α(α − 1) > 0, k(1) = −64α − 128p < 0, and limx→+∞ k(x) = +∞ we conclude that k
has exactly two positive roots, one less than 1 and the other greater than 1. If x˜ ∈ (0, 1) is such that k(x˜) = 0, then k(x) > 0
for x ∈ (0, x˜) and k(x) < 0 for x ∈ (x˜, 1). Consequently, h′(x) > 0 for x ∈ (0, x˜), h′(x˜) = 0, and h′(x) < 0 for x ∈ (x˜, 1),
so the function h is strictly increasing on (0, x˜], strictly decreasing on [x˜, 1), and maxx∈(0,1) h(x) = h(x˜). Considering that
limx→0+ h(x) = −∞ and h(1) = 0, we conclude that h(x˜) > 0 and that there is a unique x∗ ∈ (0, x˜) such that h(x∗) = 0,
h(x) < 0 for x ∈ (0, x∗), and h(x) > 0 for x ∈ (x∗, 1). The proof is completed by taking into account the monotonicity of the
exponential function t → et . 
The sharp upper bound for 12 [H(a, b)+ Heα(a, b)], where α ∈ [0, 1], is given in the following theorem.
Theorem 3.1. Let α ∈ [0, 1] and
p(α) =

ln 2
ln 4− ln(1− α) , α ∈ [0, 1),
0, α = 1.
Then inequality
1
2
[H(a, b)+ Heα(a, b)] ≤ Mp(α)(a, b) (3.9)
holds for all a, b ∈ R+, with equality if and only if a = b. The constant p(α) is the best possible.
Proof. Define x =

a
b > 0. First, let α = 1. Then p(1) = 0 and from (2.5) we read
1
2
[H(a, b)+ He1(a, b)] −M0(a, b) = 12 [H(a, b)− G(a, b)] = b

x2
x2 + 1 −
x
2

= −b x(x− 1)
2
2(x2 + 1) ≤ 0, (3.10)
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so (3.9) holds for α = 1. Obviously, equality in (3.9) and (3.10) occurs only for x = 1, that is, for a = b. In that case,
H(a, a) = He1(a, a) = G(a, a) = a.
Now, let α ∈ [0, 1). Rewrite (2.6) with q = p = p(α) = ln 2ln 4−ln(1−α) . To get the desired result, we need to prove that the
last line of (2.6) is non-positive onR+ in this case. Since all bivariate power means are symmetric, without loss of generality
we can assume that a ≤ b, that is, that x ∈ (0, 1]. For x ∈ [0, 1] define
f (x) = ln((1− α)x4 + 2αx3 + 2(3− α)x2 + 2αx+ 1− α)− ln(x2 + 1)+ 1
p
ln(x2p + 1)+ 1
p
ln 2− ln 4.
Then f ′(x) = g(x) · l(x), where the function g is given by (3.7) and
l(x) = 2[αx
5 + (5− α)x4 + 2αx3 + 2(1− α)x2 + αx+ 1− α]
(x2 + 1)(x2p + 1)[(1− α)x4 + 2αx3 + 2(3− α)x2 + 2αx+ 1− α] > 0
for x ∈ [0, 1]. According to Lemma 3.2, there exists a unique x∗ ∈ (0, 1) such that f ′(x∗) = 0, f ′(x) < 0 for x ∈ (0, x∗),
and f ′(x) > 0 for x ∈ (x∗, 1). Therefore, the function f is strictly decreasing on (0, x∗] and strictly increasing on [x∗, 1), so
f (0) = f (1) = 0 provides that f (x) < 0 for x ∈ (0, 1). The monotonicity of the exponential function t → et implies that the
last line of (2.6) is less than or equal to 0 for all a, b ∈ R+, that is, (3.9) holds also for α ∈ [0, 1). Notice that equality holds
only for x = 1, that is, for a = b. In that case, all power means on the both sides of (3.9) are equal to a.
Further, we prove that the parameter p(α) is optimal for (3.9). For α = 1 and arbitrary ε ∈ (0, 54 ) and 0 < |t| < 1, we
have 
1
2
H((1+ t)2, 1)+ 1
2
He1((1+ t)2, 1)
ε
− [M−ε((1+ t)2, 1)]ε
=

1
2
H((1+ t)2, 1)+ 1
2
G((1+ t)2, 1)
ε
− [M−ε((1+ t)2, 1)]ε
=

1+ 2t + 5t24 + t
3
4
1+ t + t22
ε
− 2(1+ t)
2ε
1+ (1+ t)2ε
= hε(t)
1+ t + t22
ε [1+ (1+ t)2ε] , (3.11)
where
hε(t) =

1+ 2t + 5t
2
4
+ t
3
4
ε
[1+ (1+ t)2ε] − 2(1+ t)2ε

1+ t + t
2
2
ε
.
By writing the binomial series at t = 0 we get
hε(t) =

1+ 2εt + ε(2ε + 3)
4
t2 + o(t2)

· [2+ 2εt + ε(2ε − 1)t2 + o(t2)]
− 2[1+ 2εt + ε(2ε − 1)t2 + o(t2)]

1+ εt + ε
2
2
t2 + o(t2)

= ε(5− 4ε)
2
t2 + o(t2), (3.12)
so (3.11) and (3.12) imply that for any ε ∈ (0, 54 ) there exists δ(ε) ∈ (0, 1) such that
M−ε((1+ t)2, 1) < 12 [H((1+ t)
2, 1)+ He1((1+ t)2, 1)]
holds for t ∈ (0, δ(ε)). Hence, the order p = p(1) = 0 cannot be replaced with any smaller parameter such that the second
inequality in (1.7) still holds for α = 1 and all a, b ∈ R+.
Finally, for arbitrary α ∈ [0, 1) and 0 < ε < p(α) = pwe have
0 < 1+ ε
ln 2
ln
1− α
4
< 1
and thus
ln
1− α
4
− ln 2
ε − p = ln
1− α
4
− ln
1−α
4
1+ εln 2 ln 1−α4
> 0
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and
lim
t→0+

1
2
[H(t2, 1)+ Heα(t2, 1)] −Mp−ε(t2, 1)

= lim
t→0+

1
2

H(t2, 1)+ α
2
G(t2, 1)+ 1− α
2
A(t2, 1)

−Mp−ε(t2, 1)

= lim
t→0+
 (1− α)x4 + 2αx3 + 2(3− α)x2 + 2αx+ 1− α
4(x2 + 1) −

t2(p−ε) + 1
2
 1
p−ε

= 1− α
4
− 2 1ε−p > 0.
Therefore, the order p(α) cannot be diminished, that is, it is the best possible for the second inequality in (1.7). The proof is
now complete. 
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